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Abstract

This work presents a computational study of the steady, axisymmetric, viscous flow around two circular cylinders in tandem. The
vorticity–stream function formulation of the Navier–Stokes equations was chosen. Numerical solutions have been obtained in bipolar
cylindrical coordinates. A compact, high-order, finite difference method was used to discretize the model equations. Iterative algorithms
were tested to solve the discrete equations. Different cylinders spacing and sizes were considered for the upstream cylinder Reynolds num-
ber up to 30. Vorticity and pressure distributions on the cylinders surfaces and drag coefficients are presented and compared with those
calculated for an isolated cylinder.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

The interaction of the flow over two cylinders is a topic of
prime scientific interest with many engineering and real life
applications. Significant research has been done, both exper-
imentally and numerically, for the understanding of this
problem [1,2]. The arrangement of the cylinders versus the
flow direction of the free stream is the classification criterion
usually used in the analysis of the hydrodynamic interaction
between two cylinders. The arrangement of the cylinders
with respect to the free stream flow direction can be

– tandem (or in-line) – the free stream flow direction is
parallel with the line of the centers of the cylinders;

– transverse (or side-by-side) – the free stream flow direc-
tion is perpendicular to the line of the cylinders centers;

– staggered.
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The flow past two cylinders in tandem was analysed
numerically in [3–15]. Li et al. [3] used the velocity–pressure
formulation to solve the unsteady, 2D, incompressible
Navier–Stokes equations. The pressure distribution around
both cylinders and their vortex shedding frequencies as a
function of cylinder interval were determined for
Re = 100. The random vortex method was used to investi-
gate the flow around two cylinders in transverse and tan-
dem arrangements in [4]. The computations were carried
out at a Reynolds number of 200. Mittal et al. [5] used a
stabilized finite element formulation on a Cartesian grid
to study incompressible flows past a pair of equal-sized cyl-
inders at Reynolds numbers 100 and 1000. Computations
are carried out for three sets of cylinder arrangements,
two in tandem and one staggered. A spectral element
method on a Cartesian grid was employed in [6] to investi-
gate the interference effects when two cylinders or two
spheres are placed in series or parallel in a low Reynolds
number flow. For two cylinders in-line, Cheung et al. [6]
analysed only the case of cylinders with the same diameters
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Nomenclature

c characteristic length, bipolar cylindrical coordi-
nate system

CD drag coefficient
CP pressure coefficient
d diameter of the cylinder
L distance from the center of the cylinder to the

origin of the coordinate system
Re Reynolds number based on diameter of the up-

stream cylinder, Re ¼ U1d1=m
U1 free stream velocity
x streamwise (horizontal) coordinate, Cartesian

coordinate system
y transverse (vertical) coordinate, Cartesian coor-

dinate system

Greek symbols

g bipolar cylindrical coordinate
k drag ratio

l dynamic viscosity
m kinematic viscosity
q density
x vorticity
n bipolar cylindrical coordinate
w stream function

Subscripts

F friction
P pressure
s surface of the cylinder
1 refers to the upstream cylinder
2 refers to the downstream cylinder
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at Re = 1. The results are depicted in terms of the drag
ratio.

The shedding of vortices and flow interference between
two circular cylinders in tandem and side-by-side arrange-
ments were investigated numerically for a Reynolds num-
ber varying from 100 to 200 by Meneghini et al. [7]. A
fractional step method was used in [7] to solve the
unsteady, 2D, Navier–Stokes equations. The flow-induced
oscillations of a pair of equal-sized cylinders in tandem
and staggered arrangement placed in uniform incompress-
ible flow for Reynolds number 100 are studied by Mittal
and Kumar [8]. Flows over two tandem cylinders were ana-
lysed numerically using a new collocated unstructured
computational fluid dynamics code (CUCFD) in [9,10].
The mean and fluctuating surface pressure distribution, lift
and drag coefficients were calculated for centre-to-centre
cylinder spacing between 2 and 10 diameters at a Reynolds
number equal to 100. A comprehensive numerical investi-
gation of incompressible flow about fixed cylinders pairs
in tandem, side-by-side and staggered arrangements at
Reynolds numbers of 80 and 1000 can be viewed in [11].
A second order streamline upwind Petrov–Galerkin projec-
tion scheme was used along with routines for interactive
steering and dynamic meshing. Khorrami et al. [12] solved
the two-dimensional, unsteady Reynolds Averaged
Navier–Stokes equations with a two-equation turbulence
model, at a Reynolds number of 0.166 � 106 and a Mach
number of 0.166. This setup is viewed to be a representative
for several component-level flow interactions that occur
when air flows over the main landing gear of large civil
transports. The instability and transition of flow past two
circular cylinders arranged in tandem were investigated
numerically by Mizushima and Suehiro [13]. It was found
that the transition of the flow from a steady state to an
oscillatory state occurs due to a supercritical or subcritical
Hopf bifurcation depending upon the gap spacing. For the
upstream cylinder Re number equal to 2, the Navier–
Stokes equations in the vorticity–stream function formula-
tion in bipolar cylindrical coordinate system were solved
numerically in [14]. Different cylinders spacing and sizes
were considered. Two- and three-dimensional simulations
of the flow around pairs of rigid and immovable circular
cylinders in tandem were made by Carmo [15]. The cen-
tre-to-centre distance varies between 1.5 and 8 diameters
and the Re range goes from 160 to 320.

The flow past two cylinders in tandem is used as a test
problem for new computational methods in [16–19]. Young
et al. [16] proposed a three-step FEM-BEM computational
technique to simulate high-Reynolds number flow past cir-
cular cylinders in 2D incompressible viscous flows. Guer-
mond and Lu [17] introduced a domain decomposition
method for simulating 2D external, incompressible viscous
flows. Steady state and time dependent vortex shedding
flows were computed using a second order time stepping
numerical scheme within a cell boundary element method
by Farrant et al. [18]. Russell and Wang [19] used an under-
lying regular Cartesian grid to solve 2D incompressible
viscous flows around multiple moving objects.

The finite difference high-order compact schemes have
attracted a considerable amount of attention in the area
of viscous incompressible flow calculations [20–28]. In
comparison with other finite difference schemes, the high-
order compact schemes offer three attractive features: (1)
high order accuracy; (2) unconditional stability; and (3) rel-
atively easy boundary treatment. These schemes also com-
pare well with spectral methods. They have the advantage
of being simple, robust, efficient and much more stable (we
should mention that the Chebyshev methods resolve
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boundary layers better than finite difference on uniform
grids). However, the computational advantages of these
schemes have not been exhaustively explored. The driven
cavity is the only case of 2D, steady, incompressible
Navier–Stokes equations worked. Complex problems were
solved in an unsteady formulation in [29,30].

This paper has a double aim. First, we wish to complete
the analysis of the flow past two cylinders in tandem at low
Reynolds numbers. Different cylinders spacing and sizes
were considered for the upstream cylinder Reynolds num-
ber up to 30. Second, we wish to test the abilities of the
combination of high-order compact schemes–iterative
methods in solving the Navier–Stokes equations in stream
function–vorticity formulation in bipolar cylindrical coor-
dinate system.

The outline of this paper is as follows. Section 2 presents
the mathematical model of the 2D steady, incompressible
flow past two cylinders in tandem. The numerical methods
employed are described in Section 3. In Section 4 we illus-
trate the use of these methods by providing the numerical
experiments made. Section 5 is devoted to some concluding
remarks.

2. Statement of the problem

Let us consider two infinitely long cylinders of diameters
di, i ¼ 1; 2, placed in a horizontal flow, parallel with their
line of centers, of an incompressible fluid having free
stream velocity U1 (as illustrated in Fig. 1). The diameters
of the cylinders are assumed considerably higher than the
molecular mean free path of the surrounding fluid. The
fluid is homogeneous, Newtonian and the flow is steady
and laminar. The density q and viscosity l of the fluid
are considered constant. Oscillations and rotation of the
cylinders do not occur during the flow.

Let a system of Cartesian coordinates ðx; y; zÞ be chosen
so that the centres of the cylinders lie along the x-axis (see
also Fig. 1). The cylinders being considered infinitely long,
the flow does not depend on z-coordinate. Also, for low
Reynolds numbers, we can consider the flow symmetric
versus the y-axis.
L1 L2

U

d1 d2 x

y

Fig. 1. Schematic of the problem.
Based on the previous assumptions, in Cartesian coordi-
nates, the stream function (w) – vorticity (x) formulation
of the steady, two-dimensional, incompressible viscous
flow equations is given by
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where m is the kinematic viscosity of the fluid.
The most convenient coordinate system for a pair of cyl-

inders in tandem is the orthogonal bipolar cylindrical coor-
dinate system. The bipolar cylindrical coordinate system is
defined by [31]

x ¼ c sin n
cosh g� cos n

; y ¼ c sinh g
cosh g� cos n

; z ¼ z

where c > 0 is a characteristic length. This transformation
maps the upper half of the ðx; yÞ – plane (from which the
domain occupied by the cylinders is excluded) into the
rectangle g1 6 g 6 g2; 0 6 n 6 p ðg1 < 0; g2 > 0Þ. The
surfaces of the cylinders are located at g ¼ g1 and g ¼ g2.
The relations between gi, the diameters of the cylinders di

and the distances Li of their centers from the origin of
the coordinates system are

di

2
¼ c

sinh jgij
; Li ¼ c coth jgij; i ¼ 1; 2

If an orthogonal curvilinear coordinate system is used,
the Navier–Stokes equations in the stream-function – vor-
ticity formulation can be transformed according to the
relations n ¼ nðx; yÞ and g ¼ gðx; yÞ and can be rewritten
as [32]
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For the bipolar cylindrical coordinate system, a, b, c and J

are given by

a ¼ c ¼ J ¼ c2

ðcosh g� cos nÞ2
; b ¼ 0:

The governing equations can be non-dimensionalized by
using the radius of the leading cylinder d1/2 for length,
U1 for velocity, U1d1/2 for stream function and 2U1=d1
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for vorticity. Also, it is convenient numerically to work
with the deviation from the uniform flow w�,

w� ¼ w� �c sin n
cosh g� cos n

; �c ¼ 2c
d1

:

After a, b, c and J are expressed explicitly in (2), the dimen-
sionless Navier–Stokes equations are
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�c2

o2w�

og2
þ o2w�

on2

� �
¼ x ð3aÞ

ox
on

ow�

og
� �c sin n sinh g

cosh g� cos nð Þ2

 !"

� ox
og

ow�

on
þ �c cosh g cos n� 1ð Þ

cosh g� cos nð Þ2

 !#

¼ 2

Re
o2x
og2
þ o2x

on2

� �
ð3bÞ

where the Reynolds number Re, based on the leading cyl-
inder diameter d1, is

Re ¼ U1d1=m:
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Fig. 2. Influence of the numerical approximation of the pseudo-velocities on
upstream cylinder at Re = 1; (b) downstream cylinder at Re = 1; (c) upstream
The boundary conditions for the dimensionless stream-
function and vorticity are

– cylinders surfaces ðg ¼ gi; i ¼ 1; 2Þ
w� ¼ ��c sin n=ðcosh g� cos nÞ ð4aÞ

– free stream ðg! 0; n! 0Þ
w� ! 0;x! 0 ð4bÞ

– symmetry axis (n = 0 and g 6¼ 0; n ¼ p)

w� ¼ x ¼ 0 ð4cÞ
The pressure coefficients, CP;i (n), on the cylinders surfaces
and the drag coefficients, CD;i, are computed with the rela-
tions [32],
CP;iðnÞ ¼ P ðnÞ � PðnrefÞ ¼
2
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the drag coefficients for different meshes; d1 ¼ d2 ¼ d and 2L/d = 2; (a)
cylinder at Re = 10; (d) downstream cylinder at Re = 10.
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where

�x ¼ 2x
d1

; �y ¼ 2y
d1

:

The two integrals in (6) are referred as the pressure and
friction drag coefficients and are denoted CDP;i and CDF;i,
respectively. In relations (5) and (6), for both cylinders,
nref ¼ nmin ¼ 0 and nmax ¼ p: For this reason, the sign ‘‘–”

should be considered for the integrals in (6), when the cal-
culations are carried out for the trailing cylinder.
100 101
0.75

0.80

0.85

0.90

0.95

1.00a

2 L / d = 2

λ 1

Re

 pressure
 friction
 total

100 101
0.05

0.10

0.15

0.20

0.25

0.30

0.35

0.40

0.45

0.50

2 L / d = 2
b

λ 2

Re

 pressure
 friction
 total

Fig. 3. Influence of the Re number on the drag ratio for d1 ¼ d2 ¼ d and
2L=d ¼ 2; (a) upstream cylinder; (b) downstream cylinder.
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Fig. 4. The vorticity distribution over the body surface for d1 ¼ d2 ¼ d,
2L/d = 2 and different Re values; —- tandem cylinder; - - - isolated
cylinder; (a) upstream cylinder; (b) downstream cylinder.

Table 1
Drag coefficients for the isolated cylinder and tandem cylinders at
d1 ¼ d2 ¼ d and 2L=d ¼ 2

Re Isolated cylinder Tandem cylinders

CDP CDF CD CDP1 CDF1 CD1 CDP2 CDF2 CD2

1 5.225 5.118 10.343 3.915 3.990 7.905 2.10 2.482 4.582
2 3.396 3.233 6.629 2.751 2.682 5.433 1.202 1.442 2.644
5 2.074 1.819 3.893 1.819 1.617 3.436 0.573 0.727 1.30

10 1.526 1.196 2.722 1.404 1.106 2.510 0.319 0.425 0.744
15 1.308 0.936 2.244 1.225 0.875 2.10 0.220 0.307 0.527
20 1.195 0.795 1.990 1.135 0.750 1.885 0.160 0.240 0.40
25 1.103 0.684 1.787 1.077 0.659 1.736 0.117 0.194 0.311
30 1.044 0.611 1.655 1.038 0.594 1.632 0.085 0.162 0.247
3. Solution procedure

The Navier–Stokes equations were solved numerically.
The two-dimensional domain ðg1; g2Þ � ð0; pÞ was trans-
formed into the unit square. In the unit square, Eq. (3) read
as
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where �g ¼ g�g1

g21
; g21 ¼ g2 � g1 and �n ¼ n

p.
Eq. (7) were discretized with a high order compact

(HOC) finite difference scheme. For a general convec-
tion–diffusion equation, the derivation of the HOC scheme
is well presented in [33–39]. Two mechanisms were used:
collocation [33–35] and Taylor series expansion [36–39].
We did not consider it necessary to reproduce these calcu-
lations here. The vorticity equation (7b) is similar to that
obtained in Cartesian coordinates. Discrete HOC approxi-
mations for (7b) can be easily deduced from those pre-
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Table 2
Values of the drag ratio for d1=d2 ¼ 1

k Re 2L/d

2 3 4 5

k1 1 0.764 0.804 0.846 0.884
k2 0.443 0.47 0.498 0.53
k1 10 0.922 0.926 0.933 0.95
k2 0.273 0.323 0.364 0.408
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sented in [20–26]. We will present in detail the discrete
approximation of the stream function Eq. (7a).

For a uniform grid, we number the grid points ðn;gÞ;
ðnþ h;gÞ; ðn;gþ hÞ; ðn� h;gÞ; ðn;g� hÞ; ðnþ h;gþ hÞ; ðn� h;
gþ hÞ; ðn� h;g� hÞ and ðnþ h;g� hÞ as M, E, N, W, S, NE,
NW, SW and SE, respectively, where h is the grid size. By
[35], the HOC scheme for (7a) is
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When HOC schemes are applied to the Navier–Stokes
equations in stream function – vorticity formulation, the
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problems usually discussed are the computation of the vor-
ticity on the walls (the surface of the cylinders in our case)
and the approximation of the derivatives ow�=on; ow�=og
(named here, for brevity, pseudo-velocities). The following
relations were used to calculate the vorticity on the surface
of the cylinders: Wilkes (Jensen) [40], Orszag and Israeli
[40], Briley [40] and the compact relations presented by
Spotz [41]. The pseudo-velocities were calculated numeri-
cally. The centered second-order scheme and the compact
fourth-order scheme [21,24] were tested. We must mention
that in the computation of the HOC discretization coeffi-
cients, the derivatives of

�c sin n sinh g

ðcosh g� cos nÞ2
and

�cðcosh g cos n� 1Þ
ðcosh g� cos nÞ2

were calculated analytically.
One of the main problems in solving numerically the

Navier–Stokes equations in unbounded regions is the
boundary conditions at infinity. For the flow past an iso-
lated cylinder, a reference article in solving this problem
is [42]. In this case, i.e., the flow past an isolated cylinder,
the free stream must be located at a large but finite distance
from the cylinder center. For the present problem, in bipo-
lar cylindrical coordinate system, the infinity of the physi-
cal space (x, y) is located in the point n ¼ g ¼ 0. For this
reason, the boundary conditions (3b) were used in this
work.

Only iterative methods were used to solve the discrete
approximation of (7). Numerical experiments were made
with different variants of point Gauss – Seidel and line
Gauss – Seidel on grids with 33 � 33, 65 � 65, 129 � 129,
257 � 257 and 513 � 513 points. Also, the multigrid strat-
egy developed by Kouatchou [43] was tested.
4. Results

The present mathematical model depends on three
dimensionless parameters: Re, 2L1=d1, and d1=d2. The val-
ues considered for the Reynolds number based on the
diameter of the up-stream cylinder are Re 6 30. For these
values of the Re number, the laminar flow around an iso-
lated circular cylinder has two hydrodynamic regimes:
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Fig. 9. The influence of the distance between cylinders on the surface
pressure coefficient of the downstream cylinder; d1 ¼ d2 ¼ d; (a) Re = 1;
(b) Re = 10.

G. Juncu / International Journal of Heat and Mass Transfer 50 (2007) 3788–3798 3795
steady flow without separation (Re 6 5) and steady flow
with two symmetric vortices behind the cylinder
ð5 6 Re 6 Recrt ffi 46Þ. Numerical experiments were made
with 2L1=d1 taking values from 1.1 to 11 and
d1=d2 ¼ 0:5; 1; 2. Note that if d1 ¼ d2 ¼ d, it results in
L1 ¼ L2 ¼ L.

The following aspects should be mentioned concerning
the convergence of the iterative methods:

– for 2L1=d1 ¼ 2 and d1=d2 ¼ 0:5; 1; 2, the numerical algo-
rithms do not converge for Re 6 0.1; at Re = 0.2 the
convergence rate is very slow; under these conditions,
we selected for presentation the results obtained at
1 6 Re 6 30;

– for d1 ¼ d2 ¼ d and 1 6 Re 6 30, the iterative methods
do not converge if 2L=d < 1:8 and 2L=d > 5;

– for d1/d2 ¼ 0:5; 2, and 1 6 Re 6 30, the numerical meth-
ods do not converge for 2L1=d1 > 2.

For the driven cavity, at low Reynolds numbers, Gupta
[21] showed that the relations used to calculate the wall
vorticity and the velocities do not have a significant impact
on the accuracy of the results. The accuracy criterion
adopted for the present problem is the drag coefficient.
Fig. 2 show that the numerical approximations of the
pseudo-velocities do not influence practically the values
of the drag coefficients on finer grids, where the solutions
have the desired accuracy. The impact of the relations used
to calculate the surface vorticity on the drag coefficients is
negligible and does not deserve a distinct graphical
presentation.

Table 1 summarizes the computations of the drag coef-
ficients for d1 ¼ d2 ¼ d, 2L/d = 2 (the gap between the
cylinders is equal to the diameter of the cylinders) and
1 6 Re 6 30. Fig. 3 shows the values of the drag ratios
for the same parameters values (the drag ratio is defined
as (drag coefficient for the tandem cylinder)/(drag coeffi-
cient for the isolated cylinder)). For 2L/d = 2 and
d1 ¼ d2 ¼ d, the influence of Re on the surface vorticity
and surface pressure coefficient is plotted in Figs. 4 and
5, respectively. The influence of 2L/d on the drag ratio,
surface vorticity and pressure coefficient is presented in
Table 2 and Figs. 6–9, respectively. In Figs. 4–9, the sur-
face’s coordinate n=p varies from 0 to 1. For the
upstream cylinder, the front stagnation point is located
at n=p ¼ 0 while the rear stagnation point at n=p ¼ 1.
For the downstream cylinder, the front stagnation point
is located at n=p ¼ 1 while the rear stagnation point at
n=p ¼ 0. Under these conditions, in each situation, the
isolated cylinder data were adapted to be consistent with
the present data. The results presented in Tables 1 and 2
and Figs. 3–9 were computed on a mesh with 513 � 513
points.

The results presented in Tables 1 and 2 and Figs. 3–9
lead to the following observations:

– the tandem interaction changes the surface vorticity and
coefficient pressure for both cylinders; both cylinders
experience a lower drag coefficient compared to the iso-
lated cylinder; good agreement exists between the pres-
ent results obtained at Re = 1 and those presented in [6];

– the surface vorticity and coefficient pressure on the front
stagnation zone of the leading cylinder are not strongly
influenced by the interaction; for the leading cylinder,
the interaction’s effects increase in the rear stagnation
zone; flow separation occurs for Re = 1 at 2 L=d < 3;

– the strongest interaction effect is a radical change in the
surface vorticity and coefficient pressure of the trailing
cylinder; the wake of the leading cylinder exerts a strong
influence on the trailing cylinder;

– the increase in Re decreases the interaction’s effects for
the upstream cylinder and amplifies these effects for
the downstream cylinder;

– the increase in 2L=d from 2 to 5 decreases the interac-
tion’s effects.

For the steady, laminar flow past two spheres in-line,
Tsuji et al. [44] showed that the tandem interactions are
more pressure drag effects than friction drag effects. The



Table 3
Values of the drag coefficient for d1=d2 6¼ 1 and 2 L1=d1 ¼ 2

d1=d2 Re CD1 k1 CD2 k2
a

0.5 1 6.565 0.635 3.959 0.597
2 8.903 0.861 6.08 0.369
0.5 10 2.086 0.766 0.992 0.504
2 2.637 0.969 0.676 0.174

a Calculated using the CD values for the isolated cylinder at Re = 2, 0.5,
20, 5.
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interference effect of two objects placed in proximity in a
stream flow can be analysed quantitatively in terms of drag
coefficients. Fig. 3 shows that (a) for the leading cylinder,
the pressure drag ratio is smaller than the friction drag
ratio only for Re < 15; for Re > 15, the friction drag ratio
is smaller than the pressure drag ratio; (b) for the trailing
cylinder, the pressure drag ratio is smaller than the friction
drag ratio for all Re values used in this work; the difference
between the two drag ratios increases with the increase in
Re. However, for both cylinders, we cannot state that
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Fig. 10. The influence of the ratio of the cylinders diameters on the
distribution of the vorticity over the surface of the cylinders; Re = 10;
2L1=d1 ¼ 2; (a) upstream cylinder; (b) downstream cylinder.
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Fig. 11. The influence of the ratio of the cylinders diameters on the
pressure coefficient over the surface of the cylinders; Re = 10; 2L1=d1 ¼ 2;
(a) upstream cylinder; (b) downstream cylinder.
one of the interaction’s components (pressure or friction)
is negligible in comparison with the other.

Experimental and numerical results obtained for two
cylinders in tandem at Re P 100 show that the flow pattern
abruptly changes when the spacing between the two cylin-
ders is increased beyond a critical value (see [13] and the
references mentioned herein). This critical value depends
mostly on Re and lies in the range of [3.75, 4.0] diameters
(this critical value is expressed as centre-to-centre distance)
for Re in the range 100–200. For Re 6 30, d1 ¼ d2 and
2L=d in the range [2,5] we did not observe any discontinuity
in the flow pattern. Table 2 and Figs. 6–9 show that the
flow characteristics do not change significantly when
2L=d varies between 2 and 5.

Table 3 and Figs. 10 and 11 show that the tandem inter-
action’s rules observed for d1 ¼ d2 remain valid for
d1 6¼ d2. As expected, if d1 < d2 the deformation of the sur-
face vorticity and coefficient pressure of the leading cylin-
der increase. However, even in this situation, the trailing
cylinder remains the most affected by interaction. When
d1 > d2, the interaction effects amplify significantly for
the downstream cylinder while the changes undergone by
the upstream cylinder are minor. In the analysis of the
results obtained for d1 6¼ d2, we considered the case
d1 ¼ d2 as comparison criterion.
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5. Conclusions

We may summarize the numerical results obtained in
this work as follows:

– the combination HOC finite difference schemes – itera-
tive methods cannot solve the present problem for any
combination of the parameters values;

– the interference effects are evidently greater on the trail-
ing body than that on the leading body; these differences
increase with the increase in Re;

– the drag of each individual body is smaller than the drag
of the isolated body;

– the gap between the cylinders and the ratio of the diam-
eters of the cylinders do not modify the main character-
istics of the tandem interaction.
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